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Abstract. Given an action of a reductive group on a normal variety, we 
describe all invariant open subsets admitting a good quotient with a quasipro- 
jective or a divisorial quotient space. We obtain several new Hilbert-Mumford 
type theorems, and we extend a projectivity criterion of Bialynicki-Birula and 
Swiecicka for varieties with semisimple group action from the smooth to the 
singular case. 



Introduction 

This article is devoted to a central task of Geometric Invariant Theory, formu- 
lated in 4 : Given an action of a reductive group 67 on a normal variety X, describe 
all G- invariant open subsets U C X admitting a good quotient, that means a G- 
invariant affine morphism U — > U//G such that the structure sheaf of U//G equals 
the sheaf of invariants p*(Ou) G ■ We call these U for the moment the G-sets. 

In |19|. Mumford obtains G-sets with quasiprojective quotient spaces. Given a 
G-linearized line bundle L — > X, that means that G acts on the total space making 
the projection equivariant and inducing linear maps on the fibres, he calls a point 
x £ X scmistable, if some positive power of L admits a G-invariant section / such 
that removing the zeroes gives an affine neighbourhood Xf of x. 

The set X SS (L) of semistable points of a G- linearized line bundle L admits a 
good quotient X SS (L) — > X 3S (L)//G with a quasiprojective quotient space. For 
smooth X, basically all quasiprojective quotient spaces arise in this way: every 
G-set U with U//G quasiprojective is G-saturated in some X SS (L), that means that 
U is saturated with respect to the quotient map. 

For singular X, Mumford's method does not provide all quasiprojective quo- 
tients, see Example 13.61 Here, replacing the bundles L with Weil divisors D yields 
a more rounded picture: we define a G-linearization of I? to be a certain lifting of 
the G-action to Spec(„4), where A — ® n >oO(nD), and the set X SS {D) of semistable 
points is the union of all affine sets Xf, where / 6 A(X) is G-invariant and homo- 
geneous of positive degree. The first result is Theorem 13. 31 

Theorem. Let a reductive group G act on a normal variety X . 

(i) For any G-linearized Weil divisor D on X , there is a good quotient X SS (D) - 
X SS (D)//G with a quasiprojective variety X SS (D)//G. 

(ii) If U C X is open, G-invariant, and has a good quotient U — > U //G with 
U//G quasiprojective, then U is a G-saturated subset of some X SS (D). 

However, the quasiprojective quotient spaces are by far not the whole story, and 
a further aim is to complement also the picture developed in pil for divisorial 
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quotient spaces, that means (possibly nonseparated) prevarieties Y such that every 
y € Y has an affine neighbourhood Y \Supp(i?) with an effective Cartier divisor E, 
see [7] and [3]. For the occurence of nonseparatedness in quotient constructions, 
compare also ^3 Prop. 1.9], [221 Cor. 1.3], and p. 

To obtain divisorial quotient spaces, we work with finitely generated groups A 
of Weil divisors. Similarly as before, G-linearization of such a A is a lifting of 
the G-action to Spec(„4), where now A = ®DeAO(D). We also have a notion of 
semistability, and the resulting statements generalize |13) . see Theorem 13.51 

Theorem. Let a reductive group G act on a normal variety X . 

(i) For any G-linearized group A of Weil divisors on X , there is a good quo- 
tient X SS (A) -> X SS {A)//G with a divisorial prevariety X SS (A)//G. 

(ii) If U C X is open, G-invariant, and has a good quotient U — > U //G with 
U//G divisorial, then U is a G -saturated subset of some X SS (A). 

A simple example shows that, in general, the respective sets of semistable points 
of a single linearized divisor D and the group ZD differ, compare |131 Example 3.5]. 
Let G := C* act linearly on X := C 2 via 

t-(z,w) := (tz,t~ w). 

Consider the invariant divisor D := div(z) on X. Then D as well as the group 
A := "LD are canonically G-linearized, via the induced action of G on the function 
field. According to the respective definitions l3 . 2l and l3 ,4l of semistability, one obtains 

l ss (fl)=C*xC, X SS (A) =C 2 \{(0,0)}. 

Moreover, let us have a look at the quotient spaces. For the first set, the quotient 
space is the affine line, whereas in the second case a true (divisorial) pre- variety 
occurs: the affine line with a doubled point. 

For practical purposes, it is often helpful to perform the construction of G-sets by 
means of subtori of G. Classically, this is done by the Hilbert-Mumford Lemma |19l 
Thm. 2.1]: for a G-linearized ample bundle L on a projective variety X, it gives a 
semistability criterion in terms of one parameter subgroups; here, we deal with the 
following version, involving a maximal torus T C G, compare 0] and |20|: 

X SS (L,G)= P| g-X ss (L,T). 

g£G 

In this form, the statement allows a far reaching generalization; in particular, 
the hypotheses of projectivity and ampleness can be dropped, see Theorem 14.11 

Theorem. Let a reductive group G act on a normal variety X , and let T C G be 
a maximal torus. 

(i) Let D be a G-linearized Weil divisor on X . Then we have: 

X SS (D,G) = p| g-X ss (D,T). 

gea 

(ii) Let A C WDiv(A) be a G-linearized subgroup. Then we have: 

X SS (A,G)= p| g-X ss (A,T). 

gea 
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Finally, in Section we focus on the case of a semisimple group G. We ask for 
maximal G-sets, compare 0]: A qp-maximal G-set is a G-set U C X with U//G 
quasiprojective such that U does not occur as a G-saturated proper subset in some 
U' C X with the same properties. Similarly, a d-maximal G-set is a subset having 
the analogous properties with respect to divisorial quotient spaces. 

Reducing the construction of these sets to the construction of the qp- and the d- 
maximal T-sets for a maximal torus T C G amounts to tackling Bialynicki-Birula's 
Conjecture 12.1]: Given a maximal T-set U C X which is invariant under the 
normalizer N C G of T, he asks if the following set is open and admits a good 
quotient by G: 

W{U) := p| g-U. 
g£G 

Here are the known positive results concerning qp- and d-maximal T-sets U C X: 
The case of G = SL2 acting on a smooth X is settled in Thm. 9] and ^3 
Thm. 2.2]. If U//T is projective and X is smooth, then Cor. 1] gives positive 
answer for a general connected semisimple group G. Moreover, the problem is 

solved in the case U = X, see H Tnm - 12 A and EH Thm - 5 -l]- We show in 
Theorem 15.21 and Corollary 15. 51 

Theorem. Let G be a connected semisimple group, and T C G a maximal torus 
with normalizer N C G. Let X be a normal G-variety, U C X an N -invariant 
open subset, and W(U) the intersection of all translates g-U, where g E G. 

(i) If U C X is a qp-maximal T-set, then W(U) is open and T-saturated 
in U, and there is a good quotient W(U) -> W(U)//G with W{U)//G 
quasiprojective. 

(ii) IfU admits a good quotient U — > U//T with U//T projective, then W(U) is 
open and T-saturated in U , and there is a good quotient W (U) — > W(U) //G 
with W{U)//G projective. 

(hi) If U C X is a d-maximal N-set, then W(U) is open and T-saturated in U , 
and there is a good quotient W(U) — > W(U)//G with W(U)//G divisorial. 

In the setting of (ii), we can prove much more. It turns out that U and W(U) 
are the sets of semistable points of an ordinary linearized ample line bundle, and 
- even more surprising — that X is projective. This extends the main result 
of 6 from the smooth to the normal case and thus gives an answer to the problem 
discussed in [H Remark p. 965]. More precisely, we prove in Theorem 15.41 

Theorem. Let G be a connected semisimple group, T c G a maximal torus with 
normalizer N C G, and X be a normal G-variety. Suppose that U C X is N- 
invariant, open and admits a good quotient U — > U//T with U //T projective. Then 
there is an ample G-linearized line bundle L on X with U = X SS (L,T), we have 
X = G-U , and X is projective. 

I would like to thank the referee for his helpful suggestions and comments on the 
earlier versions of this article. 

1. Polyhedral semigroups and G-linearization 

In this section, we transfer Mumford's concepts of ^3 Sec. 1.3] to the framework 
of Weil divisors. We introduce polyhedral semigroups of Weil divisors, and define 
the notion of a G-linearization for such a semigroup. Moreover, we give a geometric 
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interpretation of this concept, and provide basic statements concerning existence 
and uniqueness of linearizations. 

Throughout the whole article, we work over an algebraically closed field IK of 
characteristic zero. In this section, X denotes an irreducible normal prevariety over 
K, that means that X is an integral, normal, but possibly nonseparated scheme of 
finite type over K, compare also jEl Sec. 1.2.2]. The word "point" always refers to 
a closed point. 

By WDiv(A) we denote the group of Weil divisors of X, and CDiv(A) C 
WDiv(A) is the subgroup of Cartier divisors. For a finitely generated subsemi- 
group A C WDiv(X), let T(A) C WDiv(A) denote the subgroup generated by A. 
We say that the semigroup A is polyhedral, if it is the intersection of T(A) with a 
convex polyhedral cone in Q ®% T(A). 

Fix a polyhedral semigroup A C WDiv(A). Since we assumed X to be normal, 
there is an associated Ox-module Ox(D) of rational functions for any D G A. 
In fact, multiplication in the function field K(A) gives even rise to a A-graded 
Ox-algebra: 

A:=®A D :=0Ox(£). 

DeA DGA 

Now, let G be a linear algebraic group, and let G act on X. That means in 
particular that this action is given by a morphism a: G x X —>■ X, and, denoting 
by fi : GxG-*G the multiplication map, we have a commutative diagram 

GxGxX idGX ° - GxX 

fi x idx 

G x X >■ X 

OL 

Similarly to ^3 Def. 1.6], the definition of a G-linearization of the semigroup 
A C WDiv(A) is formulated in terms of A, the above maps and the projection 
maps 

pr GxX : GxGxX^GxX, (gi,92,x) h-» (g 2 ,x), 

pr x : G x X — > A, (g, x) >—> x. 

Definition 1.1. A G-linearization of A is an isomorphism (f>: a* A — > w*x^ °^ ^ _ 
graded Ocxx-algebras such that $ is the identity in degree zero, and the following 
diagram is commutative: 

(id G x a)* a* A ( ' dcXa) * > ( idc x a y pT * x A = pr* GxX a*A 

P r cxx* 

(H x idx)*aM — — - — » (m x id x )*w x A ^=^= whxxWx^ 

(/JXidx) * 

Note that if A = ©„>on£> with a Cartier divisor D, then the G-linearizations 
<&: a* A — * pr^^l of A correspond to the G-linearizations of the invertible sheaf 
Ox{D) in the sense of |19l Def. 1.6] via passing to the corresponding map in degree 
one $i : a*O x (D) -> W * x O x {D). 

In order to interprete Def. 11.11 geometrically, look at the scheme X :— Spec (.4) 
over X. Note that the A-grading of A defines an action of the torus S := Spec(K[r(A)]) 
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on X. We list some properties; for example, over the smooth locus, the canonical 
map q: X — > X is locally trivial with an affine toric variety as fibre: 

Proposition 1.2. Let U C X be an open subset such that every D G A is Cartier 
on U , and set U :— q (U). 

(i) The map q: U — > U is locally trivial with typical fibre U x = Spcc(K[A]). 
The open set U <ZU of free S -orbits is an S -principal bundle over U. 

(ii) The inclusion U C U corresponds to the inclusion A CI B of the graded 
Ou -algebras A and B arising from A and T(A). 

(iii) For any homogeneous section f € A(U), its zero set as a function on U 
equals the set U fl g _1 (Supp(div(/) + D)). 

Proof. Consider the group T(A) generated by A and its Ox-algebra B. Locally, B 
is a Laurent monomial algebra over Ojj, i.e., for small affine open V C U , we have 
a graded isomorphism over 0(V): 

B(V) s 0(7)O K K[r(A)]. 

Cutting down this to the subsemigroup A C T(A) and the associated subalgebra 
A C B, we obtain local triviality of q: U — ► U. The remaining statements follow 
then easily. □ 

Any G-linearization $ : a* A — > pr'xA of the polyhedral semigroup A C WDiv(AT) 
defines a commutative diagram 

SpecC*) 

Spec(pr x ^) - Spec(aM) >■ Spec(^) 

(1) 

G x X *■ X 

a 

Note that Spec(a*.4) is the fibre product of a : GxI^I and the canonical map 
X —t X . Then the right upper arrow is merely the projection to X. 

Proposition 1.3. (i) The map a: G x X — > X is a G-action that commutes 

with the S-action on X , and makes the canonical map X — > X equivariant. 
(ii) For every action a: G x X — > X as in (i), there is a unique G -linearization 
a* A — > pr3f-4 making the diagram £JJ) commutative. 

Proof. For (i), note that qoa equals ao(id<3 x g), because $ is the identity in degree 
zero. Moreover, the commutative diagram of Def. 11.11 yields the associativity law 
of a group action for a, and ec £ G acts trivially because <!> is an isomorphism. 
Finally, the actions of G and S commute, because a has graded comorphisms. 

To verify (ii), we use that Spec(a*.A) is the fibre product of a : GxX^I and 
X — > X. By the universal property, a: G x X — > X lifts to a unique morphism 
Spec(pr x *4) — > Spec(a*^4). It is straightforward to check that this morphism stems 
from a G-linearization $ : a* A — > pr x *4- □ 

Eventually, via the lifted G-action on X, we associate to any G-linearization of A 
a graded G-sheaf structure on A. The latter is a collection of graded 0(£/)-algebra 
homomorphisms A(U) — > A(g-U), f <—y g-f, being compatible with group operations 
in G and with restriction and algebra operations in A; thereby G acts as usual on 
the structure sheaf Ox via g-f(x) := /(g -1 -^)- 
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Proposition 1.4. Let <I>: a* A — > W*x-A be a G -linearization. Then there is a 
unique graded G-sheaf structure on A satisfying g-f(x) := f{g -x) for any x £ X 
lying over the smooth locus of X. For every G-invariant open U C X. the induced 
representation of G on A(U) is rational. 

Proof. Over the smooth locus of X, we may define the G-sheaf structure according 
to g-f(x) := f(g -x). By normality, it uniquely extends to X. Rationality of the 
induced representations follows, e.g., from [181 Lemma 2.5]. □ 

Remark 1.5. Let $ : a* A — > pr^ A be a G-linearization. Then a section / £ A(X) 
is invariant with respect to the induced G-representation on A(X) if and only if 
*(«*(/)) = pri-(Z) holds. 

We give two existence statements for G-linearizations. The first one is the ana- 
logue of Mumford's result QUI Cor. 1.6] and [El Prop. 2.4]. We use the following 
terminology: Given polyhedral semigroups A' C A, we say that A' is of finite index 
in A if there is a positive neZ with nA C A'. 

Proposition 1.6. Suppose that X is separated and that G is connected. Then, for 
any polyhedral semigroup A C WDiv(X), some subsemigroup A' C A of finite index 
admits a G-linearization. 

Proof. By normality, it suffices to provide a G-lincarization of A over the smooth 
locus. Hence, we may assume that T C CDiv(A") holds. Consider the group 
T(A) C CDiv(X) generated by A, and fix any basis D u . . . , D k of T(A). Then PD 
Prop. 2.4] gives us rij > 1 and linearizations in the sense of [191 Def. 1.6]: 

$,: cfOximDi) - pixOximDi). 

Let r' C r(A) be the subgroup generated by the niDi. Then, via tensoring the 
$i, we obtain for each D £ V n A an isomorphism a* Ad — > pr^Ao- These maps 
are compatible with the multiplicative structures of a* A and pr^ A, and hence fit 
together to a linearization of r'fl A. □ 

The second existence statement provides canonical G-linearizations. As usual, 
we say that a Weil divisor D — ^ueE is G-invariant if n 9 E — tie holds for any 
prime divisor E. The support of a G-invariant Weil divisor is G-invariant, whereas 
its components may be permuted. 

Moreover, we have to consider pullbacks of A under dominant maps p: Z — » X, 
where Z is normal. If the inverse image p^ 1 (X') of the smooth locus X' C X has 
a complement of codimension at least two in Z, then the pullback CDiv(X') — > 
CDiv^-ipf')) induces a map p* : WDiv(X) -> WDiv(Z), and we obtain 

p* A = O z (p*D). 

Proposition 1.7. Let A consist of G-invariant divisors. Then there is a canonical 
G-linearization 

a* A - ($0 GxX (a*D) = Qo GxX ( P y x D) - pr^A 
DeA DeA 

The induced G-sheaf structure on A is given by the usual action of G on the function 
fieldK(X) viag-f(x) = f(g- 1 -x). 
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Proof. We have to show that any G-invariant Weil divisor D = ^ueE satisfies 
a* D = pr^D. For this, we consider the isomorphism 

f3:GxX^GxX, (g,x) i-f (g,g~ l -x). 

Then we have f}*~pY* x D = pr^Z?, and pr^-D = j3*a*D. Since [3* has an inverse, the 
assertion follows. □ 

We turn to uniqueness properties of G-linearizations. Let Char(G) denote the 
group of characters of G, i.e., the group of all homomorphisms G — » K*. For 
groups G with few characters, we have the following two statements, compare |19l 
Prop. 1.4] and 13, Prop. 1.5]: 

Proposition 1.8. Let X be separated, and let A C WDiv(AT) be a polyhedral 
semigroup. 

(i) If Char(G) is trivial and G is connected, then any two G-linearizations of 
A coincide. 

(ii) //Char(G) is finite and 0*(X) = K* holds, then any two G-linearizations 
of A induce the same G -linearization on some A'cA of finite index. 

Proof. Again by normality, it suffices to treat the problem over the smooth locus. 
Then q: X — > X is locally trivial with toric fibres, having S = Spec(K[T(A)]) as 
their big torus. Given two G-linearizations of A, we denote the two corresponding 
G-actions on X by g-z and g*z. Consider the morphism 

i/i:GxI-tl, z i— ► g~ 1 *g-z. 

For fixed g, the map z \— * ip(g, z) is an S'-equivariant bundle automorphism. 
Hence, on each fibre it is multiplication with an element of the torus S. Conse- 
quently, there is a morphism n : G x X — > S such that ip is of the form 

ip{9>z) = v{g,i{z))-z 

In the setting of (i), Rosenlicht's Lemma Lemma 2.1] yields a decomposition 
i](g,z) — x(g)f3(q(z)) with a regular homomorphism x : G — > S and a morphism 
(3 : X — > S. Since we assumed G to have only trivial characters, we can conclude 
that ip is the identity map. 

If we are in the situation of (ii), then 0*(X) = K* implies that ip(g, z) — x(g)' z 
holds with a regular homomorphism \ '- G — > S. Hence, after dividing X by the 
finite subgroup x(G) C S, the two induced G-actions coincide. But this process 
means replacing A with a subsemigroup of finite index. □ 

Let us remark that there are simple examples showing that for non connected 
G, one cannot omit the assumption 0*(X) = K* in the second statement. 

2. The ample locus 

We introduce the Cartier locus and the ample locus of a polyhedral semigroup of 
Weil divisors, and study its behaviour in the case of G-linearized semigroups. The 
considerations of this section prepare the proofs of the various Hilbert-Mumford 
type theorems given later. 

Unless otherwise stated, X denotes in this section an irreducible normal preva- 
riety. Given a polyhedral semigroup A C WDiv(A"), let A denote the associated 
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A-graded Ox-algebra. For a homogeneous local section / G Ad(U), we define its 
zero set to be 

Z(f) :=Supp(div(/)+I%). 

Definition 2.1. Let A c WDiv(A) be a polyhedral semigroup with associated 
A-graded Ox -algebra A. 

(i) The Cartier locus of A is the set of all points i£l such that every D G A 
is Cartier near x. 

(ii) The ample locus of A is the set of all x S X admitting an affine neighbour- 
hood X \ Z(f) with a homogeneous section / G A(X) such that X \ Z(f) 
is contained in the Cartier locus of A. 

We shall speak of an ample semigroup A C WDiv(A) if the ample locus of 
A equals X. Thus, ample semigroups consist by definition of Cartier divisors. 
The relations to the usual ampleness concepts jZj and are the following; 
recall that X is said to be divisorial, if every x G X has an affine neighbourhood 
X \ Supp(-E) with an effective Cartier divisor E on X. 

Remark 2.2. (i) A polyhedral semigroup of the form A = ND is ample if 

and only if D is an ample Cartier divisor in the usual sense, 
(ii) An irreducible normal prevariety is divisorial if and only if it admits an 
ample group of Cartier divisors. 

Let us explain the geometric meaning of the ample locus of a polyhedral semi- 
group A C CDiv(A) in terms of the corresponding toric bundle q: X — > X. Recall 
from Section^that X comes along with an action of the torus S = Spec(K[r(A)]), 
and that the set X C X oi free S'-orbits is an S'-principal bundle over X. 

Proposition 2.3. Let A C CDiv(A) be a polyhedral semigroup with associated 
toric bundle q: X — * X and ample locus U C X. Then D X is quasiaffine. 

Proof. Consider the subgroup T(A) C CDiv(A) generated by A, and denote the 
associated graded Ox-algebra by B. Then X equals Spec(B), and for any homo- 
geneous / G B(X), its zero set as a function on X is equal to the inverse image 
q~ 1 {Z{f))C\X. Consequently, the set n X is covered by affine open subsets 

of the form Xf with / G O(X). This gives the assertion. □ 

We turn to the equivariant setting. Let G be a linear algebraic group, and 
suppose that G acts on the normal prevariety X. A first observation is that the 
zero set Z(f) of a homogeneous section / behaves natural with respect to the 
G-sheaf structure of Prop. IT~T1 arising from a G- linearization: 

Lemma 2.4. Let A C WDiv(A) be a G-linearized polyhedral semigroup, and let 
f G Ad(U) be a local section of the associated graded Ox-algebra A. Then we have 
z (g-f) = 9- z (f) for any g G G. 

Proof. By normality of A, we may assume that U is smooth. The problem being 
local, we may moreover assume that D is principal on U, say D — — div(/i). Then 
the section / is of the form / = f'h with a regular function /', and Z(f) is just the 
zero set Z{f) of /'. Translating with g G G gives 

Z(g-f) = Z(g-f'g-h) = Z(g-f') U Z(g-h). 
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Since ft, is a generator of A(U), the translate g ■ h is a generator of A(g-U). 
This means that Z(g-h) is empty. By definition of the G-sheaf structure, G acts 
canonically on the structure sheaf Ox, that means that g-f'(x) equals f'{g~ l -x). 
This implies Z(g-f') = g-Z(f'), and the assertion follows. □ 

Proposition 2.5. Lei A C WDiv(AT) be a G -linearized polyhedral semigroup. Then 
the Cartier locus and the ample locus of A are G -invariant. 

Proof. Let A denote the graded (D^-algebra corresponding to A. The Cartier locus 
of A is the set of all points x £ X such that for any D £ A the stalk Ad.x is 
generated by a single element. Thus, using the G-sheaf structure of A, we obtain 
that the Cartier locus is G-invariant. Invariance of the ample locus, then is a simple 
consequence of Lemma 12.41 □ 

As a direct application, we extend a fundamental observation of Sumihiro on 
actions of connected linear algebraic groups G on normal varieties X, see [221 
Lemma 8], and [231 Thm. 3.8]: Every point x £ X admits a G-invariant quasipro- 
jective open neighbourhood. Our methods give more generally: 

Proposition 2.6. Let G be a connected linear algebraic group, let X be a normal 
G-variety, and let U C X be an open subset. 

(i) If U is quasiprojective, thenG-U is quasiprojective. 

(ii) If U is divisorial, then G-U is divisorial. 

In particular, the maximal quasiprojective and the maximal divisorial open subsets 
of X are G-invariant. 

If X admits a normal completion for which the factor group of Weil divisors 
modulo Q-Cartier divisors is of finite rank, then Thm. A] says that X has only 
finitely many maximal open quasiprojective subvarieties. In particular, then !2.6l (Tl 
even holds with any connected algebraic group G, see Thm. D]. A special case 
of the second statement is proved in _2; Lemma 1.7]. 

Lemma 2.7. Let X be a normal variety, D' a Weil divisor on some open U C X , 
and /{,..., f' r sections of D' with U \ Z(f^) affine. Then there is a Weil divisor D 
on X allowing global sections fi,...,f r such that 

D\ lf = D', fi\u = fl, X\Z(fi) = U\Z(fl). 

Moreover, if U and D' are invariant with respect to a given algebraic group action 
on X , then one can also choose D to be so. 

Proof. Let D\, . . . , D s be the prime divisors contained in X \ U . Since the comple- 
ment of U \ Z{f' i ) in X is of pure codimension one, we have 

U \ Z(fl) = X\(D 1 U...UD S U Z\fl)). 

Consequently, by closing the components of D' and adding a suitably big multiple 
of D\ + . . . + D s> we obtain the desired Weil divisor D on X. □ 

Proof of Prop. \2.b\ For (i), we choose a D' £ CDiv(C7) allowing sections /{,..., f' r 
such that the sets U \ Z(f' i ) are affine and cover U . Similarly, for (ii), we find 
D' 1 ,...D' r £ CDiv([7) allowing sections f [,..., f' r such that the sets U \ Z{f' i ) are 
affine and cover U . 

Use Lemma T2. 71 to extend D' (resp. the D^) to Weil divisors D (resp. Di) on X 
such that the // extend to global sections fi over X and satisfy X\Z(fi) = U\Z{f' i ). 
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Let A be the semigroup generated by D (resp. the subgroup generated by the Di). 
Then, in both cases U is contained in the ample locus of the extension A. 

Now, passing to subsemigroups of finite index does not shrink the ample locus. 
Hence, we can use Prop. 11.61 and endow A with a G-linearization. The assertion 
then follows from G-invariance of the ample locus of A and the fact that quasipro- 
jectivity as well as divisoriality transfer to open subvarieties. □ 

We conclude this section with an equivariant and refined version of Prop. 12.31 
again, we consider the subset Iclof free orbits of the torus S — Spec(K[r(A)]): 

Proposition 2.8. Let A C CDiv(A) be a G '-linearized polyhedral semigroup with 
associated toric bundle q: X — > X. Let U C X be the ample locus of A, and set 
U := A"ng _1 (L r ). Then there is a (G x S)- equivariant open embedding U — > Z into 
an affine (G x S)-variety Z. Moreover, 

(i) one can achieve that the image of the pullback map O(Z) — ► 0(U) is 
contained in O(X), 

(ii) given € -A(X) as in 12.11 with Xf { C X, one can achieve that 
each fi extends regularly to Z and satisfies Uj i — Zf t . 

(iii) For every f E O(Z) C O(X) with Xf C X and f\ Z \Q = 0, we have 
Zf = X f . 

Proof. Let fx, ■ ■ - ,fk £ -MX) be as in (ii), and complement this collection by further 
homogeneous sections fk+i, ■ ■ ■ , fr & -M.X) as in Def. 12. II such that the affine sets 
Xi := X \ Z(fi) cover the ample locus U C X. Then each fi, regarded as a regular 
function on X, vanishes outside the affine open set Xi :— q~ 1 (Xi) and has no zeroes 
inside X, PI X. 

For each i, we choose finitely many homogeneous functions hij S O(X) such 
that the affine algebra 0(X)f i is generated by functions hij/f 1 ^ 3 . Since the G- 
representation on 0{X) is rational, we find finite dimensional graded G-modulcs 
M u Mij C 0{X) such that f t G M 4 and h i3 e My holds. 

Let R C 0(X) denote the subalgebra generated by the elements of the Mi and 
the M^. Then R is graded, G-invariant, and hence defines an affine (G x S^-variety 
Z := Spec(-R). Note that Z fi = X fi holds. This gives U C Z and (ii). Moreover, 
we obtain (iii) by covering Xf and Zf with the affine sets X^f = Zf i f. □ 

3. Construction of quotients 

In this section, G is a reductive group, and A is a normal G- variety. We describe 
the G-invariant open subsets U C X admitting a good quotient with a quasipro- 
jective or a divisorial good quotient space. First recall the precise definition of a 
good quotient, compare ^0 p. 38] and [21 Def. 1.5]: 

Definition 3.1. A good quotient for a G-prevariety X is an affine G-invariant mor- 
phism p: X — > Y such that the canonical map Oy — > p*{Ox) G is an isomorphism. 
A good quotient is called geometric if its fibres are precisely the G-orbits. 

In our setting, a separated G-variety may have a good quotient with a nonsep- 
arated quotient space. If a good quotient X — > Y exists for a G-variety X, then 
it is categorical, i.e., any G-invariant morphism X — > Z factors uniquely through 
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A — » Y. In particular, good quotient spaces are unique up to isomorphism. As 
usual, we write A — > X//G for a good and X — » X/G for a geometric quotient. 

In general, the G-variety X itself need not admit a good quotient, but there 
frequently exist many G- invariant open subsets U C X with a good quotient. 
Following we say that a subset V of an open G-invariant subset U C X with 
good quotient p: U — > J7/G is G-saturated in {/ if V = p _1 (p(V)) holds. 

We begin with the construction of quasiprojective good quotient spaces. Fix a 
Weil divisor flonl, and a G- linearization of the semigroup A := ND; we shall 
speak in the sequel of the G-linearized Weil divisor D. Recall from Prop. ITU that 
there is an induced G-representation on the global sections -4(A) of the associated 
A- graded Ox -algebra A. 

Definition 3.2. We call a point x G X semistable if there is an integer n > and 
a G-invariant / S -4„d(A) such that X \ Z(f) is a affine neighbourhood of x and 
D is Cartier on X \ Z(f). 

Following Mumford's notation, we denote the set of semistable points of a G- 
linearized Weil divisor D on X by X SS (D), or by X SS (D, G) if we want to specify 
the group G. Our concept of semistability yields all open subsets admitting a 
quasiprojective good quotient space: 

Theorem 3.3. Let a reductive group G act on a normal variety A. 

(i) For any G-linearized Weil divisor D on X , there is a good quotient X SS (D) - 
X SS (D)//G with a quasiprojective variety X SS (D)//G. 

(ii) If U C X is open, G-invariant, and has a good quotient U — > U //G with 
U//G quasiprojective, then U is a G-saturated subset of the set X SS (D) of 
semistable points of a canonically G-linearized Weil divisor D. 

Proof. For i), we can follow the lines of Thm. 1.10]: Choose G-invariant homo- 
geneous sections fx, . . . ,f r G -4(A) as in Def. 13.21 such that X SS (D) is covered by 
the sets Xi := X \ Z(fi). Replacing the fi with suitable powers, we may assume 
that all of them have the same degree. Consider the good quotients: 

Pi : Xi-* Xi//G = S P ec(C3(A 4 ) G ). 

Each Xi \ Xj is the zero set of the G-invariant regular function fj/fi- Thus 
Xi n Xj is saturated with respect to the quotient map pi : Xi — > Xi// G. It follows 
that the pi glue together to a good quotient p: X SS (D) — * X SS (D)//G. Moreover, 
for fixed io, the fi /fi are local equations for an ample divisor on X SS {D)//G. 

To prove (ii), let Y := U //G, and let p: U — > Y be the quotient map. Choose an 
ample divisor E on Y allowing global sections hi, . . . ,h r such that the sets Y\Z(hi) 
form an affine cover of Y. Consider the pullback data D' := p*E and f[ := p*(hi). 
Then Lemma 12.71 provides a G-invariant Weil divisor D on A extending D' and 
sections /, extending fi such that 

X\Z(fi) = U\Z(f>) = p-\Y\Z(h t )). 

Let A be the graded Ox-algebra associated to D, and consider the canonical 
G-linearization of D provided by Prop. 11.71 Then the sections fi G A(X) are G- 
invariant, and satisfy the conditions of 13.21 It follows that U is a saturated subset 
oiX ss (D). □ 

For the construction of divisorial quotient spaces, we work with finitely generated 
subgroups A C WDiv(A); these are in particular polyhedral semigroups. Fix such 
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a subgroup A C WDiv(X), and a G-linearization of A as introduced in Section ^ 
Again, we have an induced G- representation on the global sections A(X) of the 
associated A-graded Ox-algebra A. 

Definition 3.4. We call a point x G X semistable, if x has an affine neighbourhood 
U = X \ Z(f) with some G-invariant homogeneous / G A(X) such that all D G A 
are Cartier on U, and the D G A admitting a G-invariant invertible h G Ad{U) 
form a subgroup of finite index in A. 

As before, the set of semistable points is denoted by X SS (A), or X SS (A, G) if we 
want to specify the group G. Note that for G-linearized groups of Cartier divisors 
we retrieve the notion of semistability introduced in Def. 2.1]. We obtain the 
following generalizations of |13l Thms. 3.1, 4.1]: 

Theorem 3.5. Let a reductive group G act on a normal variety X . 

(i) For any G-linearized group A C WDiv(X), there is a good quotient X SS (A) - 
X SS (A)//G with a divisorial prevariety X SS (D)//G. 

(ii) If U C X is open, G-invariant, and admits a good quotient U — > U //G 
with U//G divisorial, then U is a G -saturated subset of the set X SS (A) of 
semistable points of a canonically G-linearized group A C WDiv(A). 

Proof. To prove (i), consider the Cartier locus Xo C X of A. By Prop. 1231 the 
set Xo is G-invariant. Since X is normal, X \ Xo is of codimension at least two in 
X. Hence ATq s (A) equals X S3 (A), and we may assume that A consists of Cartier 
divisors. But then Thm. 3.1] gives the assertion. 

The proof of (ii) is analogous to that of ^3 Thm. 4.1]. Using divisoriality of 
Y := U//G and [EU Lemma 4.3], we find effective E ly . . . , E r G CDiv(F) and global 
sections hij of the such that the sets Vij := Y \ Z(hij) form an affine cover of 
Y, and every Ek admits an invertible section hijk over Vij. 

Let p: U — > Y be the quotient map. Lemma 12 . 71 provides invariant Weil divisors 
Di on X admitting global sections such that with Uij := we have 

Ale/ = P*E i} faluy = P *(h l3 ), X\Z(f ij ) = p- x (%). 

By Prop. 11.71 the group A c WDiv(A) generated by the Di is canonically G- 
linearized. The sections and p*(hijk) serve to verify U C X SS (A). Since each 
Uij is G-saturated in A SS (A), the same holds for U. □ 

We conclude the section with an example, showing that in the singular case 
Mumford's method and the generalization given in JSj need no longer provide all 
open subsets with quasiprojective or divisorial quotient spaces. Consider the cone 
X over the image of Pi x Pi in P3 under the Segre embedding, i.e.: 

X = V(K i ;z 1 z 3 -z 2 z 4 ). 

Then A is a normal variety having precisely one singular point. Let U := 
X Z2 U X Z4 be the set of points having nonvanishing 2nd or 4th coordinate. We 
consider the following action of the twodimensional torus T := K* x K* on A: 

t-X :— {t\xi,tit\x2,tit 2 X3,t\t2 1 X4). 

Proposition 3.6. The set U C X has a geometric quotient U — > U/T with U/T = 
Pi, but U is not the set of semistable points of a T -linearized line bundle on X in 
the sense of OH Def. 1.7]. 
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Proof. The most convenient way is to view X as a toric variety, and to work in 
the language of lattice fans, see ^0] for the basic notions. As a toric variety, X 
corresponds to the lattice cone a in Z 3 generated by the vectors 

Vl := (1,0,0), v 2 := (0,1,0), v s := (0,1,1), v 4 := (1, 0, 1). 

The big torus of X is T x = (K*) 3 . The torus T acts on X by (t, x) h-> 
where ip: T ~* Tx is the homomorphism of tori corresponding to the linear map 

Z 2 ^Z 3 , (1,0)^(2,1,1), (0,1)^(0,2,1). 

Our open set U C X is a union of three Tx-orbits: the big Tx-orbit, and the two 
twodimensional Tx-orbits corresponding to the rays Q\ :— Q>o^i and 03 := Q_>qV3 
of the cone a. The fan theoretical criterion |12l Thm. 5.1], tells us that there is a 
geometric quotient for the action of T on U; namely the toric morphism p : U — > Pi 
defined by the linear map 

P: Z 3 — > Z, (wi , w 2 , W3 ) 1— > idi + 2u>2 — 4k;3 . 

We show now that there is no T-linearized line bundle on X having U as its set 
of semistable points. First note that as an affine toric variety, X has trivial Picard 
group. Thus we only have to consider T-linearizations of the trivial bundle. Since 
0*{X) = K* holds, each such linearization is given by a character x of T; 

t-(x,z) = (t-x,x(t)z). 

Consequently, in view of [191 Def. 1.7], we have to show that U is not a union 
of sets Xf, for a collection of functions / G O(X) that are T-homogeneous with 
respect to a common character of the torus T. 

Now, any T-homogeneous regular function on X is a sum of T-homogeneous 
character functions \ u £ ^PO ; where u — (ui, 1/2,^3) is a lattice vector of the 
dual cone ct v of a. Recall that u £ er v means that the linear form u is nonnegative 
on <t, i.e., we have 

Ml > 0, U 2 > 0, U2+«3>0, Ml+W3>0. 

For such a character function x w S ^(-^0> we can determine its weight with 
respect to T by applying the dual of the embedding Z 2 — > Z 3 to the vector u. 
Thus, x u is T-homogeneous with respect to the character of T corresponding to 
the lattice vector 

(2u\ +u 2 + u 3 , 2u 2 + u 3 ). 

The conditions that a character function x u £ 0(X) does not vanish along the 
orbit Tx-Xi corresponding to one of the rays Qi are u\ = for nonvanishing along 
Tx-a;i, and U3 = — U2 for nonvanishing along Tx-x%. 

Suppose that x u & O(X) does not vanish along T x -X\ and that x" G C(A") does 
not vanish along Tx-x%. Then their respective T- weights are given by the vectors 

(u 2 +u 3 ,2u 2 + u 3 ), (2u 1 ,m 2 )- 

If both are T-homogeneous with respect to the same character, then we must have 
2u\ < u 2 . But then nonvanishing along Tx-x 3 and the last regularity condition 
imply u = 0. 

In conclusion, we obtain that only the trivial character of T admits homogeneous 
functions that do not vanish along Tx-xi and functions that do not vanish along 
Tx-x%. Since T acts with an attractive fixed point on X this means that we cannot 
obtain U as a union of sets Xf as needed. □ 
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4. First Hilbert-Mumford type statements 

We come to the first Hilbert-Mumford type result of the article. It allows us 
to express the set of G-semistable points in terms of the T-semistable points for a 
maximal torus TcG. In the case of an ample divisor D on a projective G-varicty, 
the first assertion of our result is equivalent to |19l Thm. 2.1]. 

Theorem 4.1. Let a reductive group G act on a normal variety X , and letT C G 
be a maximal torus. 

(i) Let D be a G -linearized Weil divisor on X . Then we have: 

X SS (D,G) = p| g-X ss (D,T). 

g&G 

(ii) Let A C WDiv(X) be a G-linearized subgroup. Then we have: 

X SS {A,G) = p| g-X ss (A,T). 

gea 

The proof relies on a geometric analysis of instability; it makes repeated use of 
the classical Hilbert-Mumford Theorem, see for example |H1 Thm. 4.2]: 

Theorem 4.2. Let a reductive group G act on an affine variety Z , let z 6 Z , and 
let Y C G-z be a G-invariant closed subset. Then there is a one parameter subgroup 
A: K* -> G with lim t -o A(t)-2 € Y. 

The basic preparing steps concern the following situation: G is a reductive group, 
Z is an affine G- variety, and T C G is a maximal torus. Then we have good 
quotients 

p T :Z^Z//T, PG :Z^Z//G. 

Lemma 4.3. Let A C Z be G-invariant and closed, and let z G Pq 1 (pg(A)). Then 
there is a g G G with g-z 6 p^, 1 (pt(A)). 

Proof. Since pa- Z — > Z//G separates disjoint G-invariant closed sets, the closure 
of G-z intersects A. By Theorem 14.21 there is a maximal torus S C G such that 
the closure of S-z intersects A. Choose a g G G with T = gSg~ l . Then the closure 
of T-g-z intersects A. This implies px(g-z) £ p^, 1 (pt(A)). □ 

Suppose that in addition to the G-action there is an action of K* on Z such that 
these two actions commute. Then there are induced K*-actions on the quotient 
spaces Z//T and ZjjG making the respective quotient maps equivariant. Let B^ C 
ZjjT and B G C ZjjG denote the fixed point sets of these K*-actions. 

Lemma 4.4. Let z G Z with pc(z) G Bq. Then there is a g G G with pxig^z) G Bj,. 

Proof. Let G-zo be the closed G-orbit in the fibre p^ 1 (pa{z)) ■ If zq is a fixed point 
of the K*-action on Z, then the whole orbit G-zq consists of K*-fixed points, and 
the assertion is a direct consequence of Theorem 14.21 So we may assume for this 
proof that the orbit K* ■ zq is nontrivial. 

By Theorem 14.21 there is a onedimensional subtorus So C G and a go G G such 
that zq lies in the closure of So-z', where z' := go-z. Note that for any t G K*, the 
point t-zo lies in the closure of So-t-z' . This implies in particular that any point of 
K*-z is fixed by So- Consequently, So is a subgroup of the stabilizer Go of K*-z . 
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Let n G N denote the order of the isotropy group of K* in zq. Then the orbit 
maps /i: g >— ► g-zo of Go and v: t <—> t-zo of K* give rise to a well defined morphism 
of linear algebraic groups: 

G ^K*, SH^ 1 ^)))-. 

Clearly, So is contained in the kernel of this homomorphism. By general prop- 
erties of linear algebraic groups any maximal torus of Go is mapped onto K* , see 
e.g. |171 Cor. C, p. 136]. We choose a maximal torus S\ C Go such that Si con- 
tains So- 

Let S C G be a maximal torus with Si C S. Then zq lies in the closure of S-z'. 
Moreover, K*-z is contained in S-z . Writing S — Tg\ with a suitable gi G G, 
we obtain that gi-zg lies in the closure of T-gi-z', and K*-gi-zo is contained in 
T-gi-ZQ. Thus, g := gigo is as wanted. □ 

The next observation concerns limits with respect to the K*-action on the quo- 
tient spaces. For H = T and H = G we consider the sets: 

BT, := {y G Z//H; lim t-y exists and differs from y}. 

t—>oo 

Lemma 4.5. Let z G Z with pg{z) G Bq. Then there is a g G G such that 
Pr(g-z) G -B^ holds. 

Proof. Let yo G Z//G be the limit point of Pg(z), and choose zo G Z with G-zo 
closed in Z and pg( z o) = yo- Note that G-zo is K*-invariant. Consider the quotient 
q: Z — > Z//K*. Then G-q(zo) is contained in the closure of G-q(z), because g(G-zo) 
is closed, and we have 

(Z//G)//IC = (Z//K*)//G. 

Thus, according to Theorem 14. 21 there exist g,go G G such that go'^C-Zo) lies in 
the closure of T-g-q(z). We can conclude that in Z//T, the K*-orbit closures of the 
points pxig-z) and pt(<?o'^o) intersect nontrivially; this time we use 

(Z//T)//K* = (Z//K*)//T. 

Since we have a K*-equi variant map Z//T — > Z//G, and there is a G-invariant 
homogeneous function / G O(Z) of negative weight with /(z) ^ and f(zo) = 0> 
it follows that Pt{9'Z) belongs to B^, . □ 

Proof of Theorem \4.1\ For (i), we may assume that D is nontrivial. By Prop. 1^31 
the Cartier locus X C X of A := ND is G-invariant. Moreover, by normality of 
X , the complement X \ X is of codimension at least two in X. Consequently, 
X$ S (D,T) equals X SS {D,T), and X$ S {D,G) equals X SS (D,G). Thus we may as- 
sume for this proof that X — Xq holds. 

Let A be the graded Ox-algebra associated to A. The associated X := Spec(_4) 
is a line bundle over X, and the torus acting on X is K*. Consider the G-action on 
X provided by Prop. IT31 Removing the zero section gives the (G x K*)-invariant 
open subvariety X C X. Let q: X — » X be the canonical G-equivariant map, 
U C X the ample locus of D, and C/ := q^iU) n X. 

Choose T-invariant homogeneous fi,...,f r G ^l(AT) and G-invariant homoge- 
neous hi, . .. ,h s G -4(AT) as in Def. 13. 21 such that the sets X \ and X \ Z(hj) 
cover X SS (D,T) and X SS (D, G) respectively. Regarded as functions on X, the fi 
and the hj vanish along the zero section X\X, because they are of positive degree. 
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According to Prop. 12.81 we can choose an equivariant open embedding U C Z 
into an affine (G x K*)-variety Z with the following two properties: Firstly, we have 
O(Z) C O(X). Secondly, the functions fi,hj G 0(U) extend regularly to Z and 
satisfy Uf i = Z Si and Uh 3 = Z hj . 

Now consider the induced K*-actions on the quotient spaces Z//T and Z//G. As 
before, let B G be the fixed point sets of these K*-actions, and let B^ , B G be 
the sets of non fixed points admitting a limit for t — > oo. Then, setting A := Z \U , 
we claim that for the respective sets of semistable points one has: 

Xnq-\X SS (D,T)) = Z\p T 1 ( Pr (A)UB^UB r ), 
In^fX^D.G)) = Z\ Pg \ Pg {A)UB%\JB g ). 

Indeed, the inclusion "C" of the first equation is due to the facts that the inter- 
section X fl g _1 (A \ Z(fi)) equals Zf i , and that each fa by T-invariance and homo- 
geneity of positive degree vanishes along the set p^ 1 (pt(A)UBj,LIB^ ). Analogously 
one obtains the inclusion "c" for the second equation. 

To see the inclusions "z>" , we treat again exemplarily the first equation. The ideal 
of Pt(A) U By U B^, in 0{Z//T) is generated by functions /' that are homogeneous 
of positive degree. Since O(Z) C O(X) holds, each / := p^(f') is a T-invariant 
homogeneous section of positive degree in A(X). By Prop. |2~81 we have 

z f = x f = xn q - 1 (x\z(f)). 

It follows that X \ Z{f) is affine, and hence / is as in Def. 13.21 Consequently, 
Zf lies over the set of T-semistable points of X . Since the functions / generate the 
ideal of p^ 1 (pr(A) U Bj, U B^ ), we obtain the desired inclusion. 

Now, Lemmas 14.31 14.41 and 14.51 show that the inclusion "d" of the assertion 
is valid. The reverse inclusion is easy: Every translate g ■ X ss (D,T) is the set of 
semistable points of gTg^ 1 and hence contains X SS (D, G). 

The proof of (ii) is similar. As in the proof of (i), we may assume that A consists 
of Cartier divisors. Let A be the associated A-graded Ox-algebra. Consider X := 
Spec(^4) with its actions of S := Spec(K[A]) and G, and the G-equivariant canonical 
map q: X — > X. Let U C X be the ample locus of A, and set U := q _1 (C/). 

Cover X SS (A,T) by sets X \ Z(fi) with T-invariant homogeneous fa G A(X) as 
in Def. 13.41 Similarly, cover X SS (A, G) by X \ Z(hj) with G-invariant homogeneous 
hj G A(X). Lemma |2.8I provides an equivariant open embedding U C Z into an 
affine (G x S')-variety Z with 0{Z) C 0{X) such that all fa, hj extend regularly to 
Z, and satisfy Uf i = Zf i and Uh = Z^.. 

For H — T,G, consider the quotient pn '■ Z — > Z//H, and induced action of S 
on Z//H. We describe X SS (A, H) in terms of these data. Let A := Z \ U, and let 
Bjj C Z//H be the set of all y G Z//H with an infinite isotropy group S y . We claim 

(2) q-^X^H)) = Z\p H 1 ( PH (A)UB° H ). 

The inclusion "C" is 13, Prop. 2.3 (i)]. For the reverse inclusion, we use |13l 
Lemma 2.4]: It tells us that the ideal of ph(A) U B^ in 0(Z//H) is generated by 
S'-homogeneous elements /' such that 0(Z//H) /< admits homogeneous invertible 
elements for almost every character of the torus S. 
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For such /', the pullback / := p* H (f) is an iJ-invariant element of O(Z) and 
hence o£A(X), and, by Lemmal2~S1 (ui ). we have X f = Z f . Thus q(X f ) = X\Z(f) 
is affine, and we see that / is as in Def. 13.41 Hence, q^ 1 (X ss (A, H)) D Zf holds, 
which finally gives the claim. 

Now, B\\ C Z//H is the union of the fixed point sets -B^(/Lt) of all one parameter 
subgroups ijl: K* — > S. Lemmas 14 . 31 and 14 . 41 tell us 

p- G \p G (A)) = |J g-p^ipTiA)), PG l {B° G {ti) = |J g-p^(B^)). 

gee gee 

Together with (J2J), this gives "D" in the assertion. The reverse inclusion is due to 
the fact that g-X ss (A,T) is the set of semistable points of gTg^ 1 C G. □ 

5. Actions of semisimple groups 

In this section, we apply our results to actions of semisimple groups. This gives 
generalizations of several results presented in [S] , [S] , and [Ijg\ ■ We work with the 
following notions of maximality, compare [S] and |16) : 

Definition 5.1. Let G be a reductive group, let X be a G-variety, and let U C X 
be a G-invariant open subset. We say that 

(i) U is a qp-maximal G-set if there is a good quotient U — > U //G with U //G 
quasiprojective, and U is not a G-saturated subset of a properly larger 
U' C X admitting a good quotient U' — > U'//G with U'//G quasiprojective, 

(ii) U is a d-maximal G-set if there is a good quotient U — > U//G with U//G 
divisorial, and U is not a G-saturated subset of a properly larger U' C X 
admitting a good quotient U' — > U'//G with U'//G divisorial. 

In the sequel, G is a connected semisimple group, T C G a maximal torus, and 
N C G the normalizer of T in G. Moreover, X is a normal G-variety. The first 
result is a further Hilbert-Mumford type statement. It generalizes Cor. 1], and 
the results on the case G = SL2 given in |3J Thm. 9] and Thm. 2.2]: 

Theorem 5.2. Let U C X be an N -invariant open subset of X, and let W(U) 
denote the intersection of all translates g-U , where g G G. 

(i) If U C X is a qp-maximal T -set, then W(U) is open and T -saturated 
m U, and there is a good quotient W(U) -> W{U)//G with W(U)//G 
quasiprojective. 

(ii) If U C X is a d-maximal N -set, then W(U) is open and T -saturated in U, 
and there is a good quotient W(U) — > W(U)//G with W(U)//G divisorial. 

The proof of this Theorem consists of combining the Hilbert-Mumford Theo- 
rems with the following observation: 

Proposition 5.3. Let U C X be an N -invariant open subset. 

(i) If U is a qp-maximal N-set, then there exists a G-linearized Weil divisor 
D on X with U = X SS (D,N). 

(ii) IfU is a d-maximal N-set, then there is a G-linearized group A C WDiv(X) 
withU = X ss {k,N). 

Proof. We exemplarily prove the first assertion. By Theorem 13.31 (ii), there is 
a canonically A^-linearized Weil divisor D on X such that U is TV-saturated in 
X SS (D,N). By qp-maximality of U, this implies U = X SS (D,N). We show now 
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that after possibly replacing D with a positive multiple, the iV-linearization extends 
to a G-linearization. 

Let Z be a G-equi variant completion of X, see [221 Theorem 3]. Applying 
equivariant normalization, we achieve that Z is normal. By closing the support, we 
extend D to a Weil divisor E of Z . Then E is TV- invariant and hence, by Prop. lLTI 
it is canonically A-linearized. 

Prop. rOl tells us that after replacing E (and D) with a suitable multiple, we can 
choose a Gdinearization of E. Since we have O(Z) = K and the character group of 
N is finite, Prop. rOl fii') says that after possibly passing to a further multiple, the 
Gdinearization of E induces the canonical A-lincarization of E over Z. Restricting 
to X C Z, we obtain the assertion. □ 

Note that this proposition is the place, where semisimplicity of G came in. In 
the proof, we made essentially use of the fact that the character group of N is finite. 

Proof of Theorem \5.<H Note first that in the setting of (i), the induced action of 
the Weyl group N/T on U//T admits a geometric quotient with a quasiprojective 
quotient space. The composition of the quotients by T and N/T is a good quotient 
U — > U//N. It follows that U is a qp-maximal TV-set. 

Now, for (i), choose a G-linearized semigroup A = ND, and, for (ii), a G- 
linearized group A C WDiv(A) as provided by Prop. 15.31 By the definition of 
semistability, we have 

X"{A,G) C P| g-X ss (A,N) c f| g-X ss (A,T). 

gee 9 eG 

From Theorem 14.11 we infer that also the reverse inclusions hold. This gives the 
assertion. □ 

In the case of complete quotient spaces, the approach via Weil divisors finally 
turns out to be a detour: here everything can be done in terms of line bundles. 
More precisely, we have the following generalization of Thm. 1], compare also [HI 
Remark, p. 965]: 

Theorem 5.4. Let U C X be an N -invariant open subset admitting a good quotient 
U — * U//T with U l/T projective. Then there is an ample G-linearized line bundle 
L on X such that U = X SS (L,T) holds. Moreover, we have X = G-U, and X is a 
projective variety. 

Combining this result with |19l Thm. 2.1] gives the following supplement to the 
Hilbert-Mumford Theorem 15. 21 

Corollary 5.5. Let U a X be as in Theorem \5.J\ Then the intersection W(U) 
of all translates g -U , g S G, is an open T -saturated subset of U , there is a good 
quotient W(U) -> W{U)//G, and W(U)//G is projective. 

We come the proof of Theorem 15.41 A first ingredient is an observation due to 
Bialynicki-Birula and Swi§cicka concerning semisimple group actions on the pro- 
jective space: 

Lemma 5.6. Let G act on P„. Then the translates g-F^(0(l),T), where g G G, 
cover P n . 
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Proof. Consider the complement Y of the union of all translates <?-P* s (0(l), T), 
where g E G. Then Y is empty, because otherwise jSJ Lemma, p. 963] would provide 
a T-semistable point in some irreducible component of V. □ 

The second ingredient of the proof is the following refinement of Sumihiro's 
Embedding Theorem, compare [221 Thm. 1] and |191 Prop. 1.7]: 

Lemma 5.7. Let D be a G -linearized Cartier divisor. If X = G-X SS (D,T) holds, 
then there is a G-equivariant locally closed embedding X c¥ n such that X ss (_D,T) 
is T -saturated in X n Pf l s (C(l), T), where X is the closure of X in P n . 

Proof. Let A be the graded Ox-algebra associated to D, and let U := X SS (D,T). 
Since we assumed X =G U, Prop. 1231 tells us that the divisor D is in fact ample. 
Moreover, replacing D with a multiple, we may even assume that D is very ample, 
and that there are T-invariant fi, ■ ■ ■ , f r E Ad(X) such that the sets X \ Z(fi) are 
affine and cover U. 

Choose any G-invariant vector subspace M C Ad(X) of finite dimension such 
that /i, . . . , f r E M holds, and the corresponding morphism i: X — > ¥(N) is a 
locally closed embedding, where N is the dual G- module of M. Then i is G- 
equivariant, and Ad equals as a G-sheaf the pullback of 0(1). Moreover, by con- 
struction, the fi extend to T-invariant sections of 0(1). □ 

Proof of Theorem \5.J\ First note that U is as well a qp- maximal iV-set. Thus we 
can choose a G-linearized Weil divisor D on X as in Prop. I5"3l (i). By Prop. l2"5l D 
is an ample Cartier divisor on Xq := G-U. In particular, on Xq the G-sheaf Ad is 
the sheaf of sections of a G-linearized line bundle. 

Now choose a locally closed G-equivariant embedding Xq C P„ as in Lemma HT71 
and let X denote the closure of X in P„. Since U//T is complete, we obtain 

f7=X o nP* s (0(l),T). 

Moreover, from Lemma |5.6I we infer that the translates g-U, where g E G, cover 
Xq. But this means that we have Xo = Xq. In particular Xq is projective, X = Xq 
holds, and D is ample. □ 
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